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A Study on Second-Order Fuzzy Differential 
Equations using STHWS Method 
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Abstract— In this paper, we study the numerical method for solving second-order fuzzy differential equations using single term Haar 
wavelet series (STHWS). And, we present two examples with initial condition [16] having two different solutions to illustrate the efficiency of 
the proposed method under STHWS. Error graphs are presented to highlight the efficiency of the STHWS. 

Index Terms— Fuzzy differential equations, Fuzzy Improved Runge-Kutta Nystrom method,Fuzzy initial value problems, Haar wavelets, 
Runge-Kutta method, Single term Haar wavelet series.   
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1 INTRODUCTION                                                                     
he study of fuzzy differential equation (FDE) forms a suit-
able setting for mathematical modeling of real world 
problems in which uncertainties or vagueness pervade. 

The concept of a fuzzy derivative was defined by Chang and 
Zadeh in [7]. It was followed up by Dubois and Prade in [8], 
who used the extension principle. The term “fuzzy differential 
equation” was introduced in 1987 by Kandel and Byatt [13, 
14]. There have been many suggestions for the definition of 
fuzzy derivative to study FDE. The first and the most popular 
approach is using the Hukuhara differentiability for fuzzy-
value functions. Under this setting, mainly the existence and 
uniqueness of the solution of a FDE are studied [1-3]. This ap-
proach has a drawback: the solution becomes fuzzier as time 
goes by. Hence, the fuzzy solution behaves quite differently 
from the crisp solution [10-12] and [15]. Seikkala [17] intro-
duced the notion of fuzzy derivative as an extension of the 
Hukuhara derivative and fuzzy integral, which was the same 
as what Dubois and Prade [8] proposed. Buckley and Feuring 
[4-6]gave a very general formulation of fuzzy first-order initial 
value problem.They firstly find the crisp solution, fuzzify it 
and then check to see if it satisfies the FDE. To alleviate the 
situation, Hllermeier [9] interpreted FDE as a family of differ-
ential inclusions. The main shortcoming of using differential 
inclusions is that we do not have a derivative of a fuzzy-
valued function.The single term Haar wavelet series method 
for FDE was introduced in [18].  

In [18] a generalized concept of STHWS method for fuzzy-
valued functions is presented to solve nth-order fuzzy differ-
ential equations.This concept allows us to resolve the above 
mentioned shortcoming. Hence, we use this STHWS concept 
in the present paper to study a second-order FDE with initial 
conditions. The organized paper is as follows: In Section 2, we 
give some basic results on fuzzy numbers and define a fuzzy 
derivative and a fuzzy integral then the fuzzy initial values is 

treated in Section 3 using the extension principle of Zadeh and 
the concept of fuzzy derivative. It is shown that the fuzzy ini-
tial value problem has a unique fuzzy solution when f satisfies 
Lipschitz condition which guarantees a unique solution to the 
deterministic initial value problem. In Section 4, the STHWS 
method for solving Nth – order fuzzy differential equations is 
introduced. In Section 5 the proposed method is illustrated by 
solving several numerical examples [16], and the conclusion is 
drawn in Setion 6.  

2 PRELIMINARIES 
An arbitrary fuzzy number is represented by an ordered pair 

 of functions ( ) ( )( )ruru ,   for all r ∈  [0, 1], which satisfy the 
following requirements [12]: 
(i) ( )ru  is a bounded left continuous non-decreasing function 
over [0, 1], 

(ii) ( )ru  is a bounded right continuous non-increasing func-
tion over [0, 1], 

(iii)  ( )ru ≤ ( )ru  ∀ r ∈  [0, 1], 
let E be the set of all upper semi-continuous normal convex 
fuzzy numbers with bounded α-level intervals. 
 

Lemma 2.1 Let ( ) ( )[ ]αα vv , , α ∈  (0, 1] be a given family of 
non-empty intervals. If 

(i) ( ) ( )[ ] ( ) ( )[ ]ββαα vvvv ,, ⊃   for 0 < α ≤ β, 
and 

(ii) ( ) ( )[ ] ( ) ( )[ ],,lim,lim αααα vvvv kkkk
=

∞→∞→
 

whenever (αk) is a non-decreasing sequence converging to α ∈ 

(0, 1], then the family ( ) ( )[ ]αα vv , , α ∈  (0, 1], represent the α-

level sets of a fuzzy number v in E. Conversely if ( ) ( )[ ]αα vv , , 
α ∈  (0, 1], are α-level sets of a fuzzy number v ∈  E, then the 
conditions (i) and (ii) hold true. 
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Definition 2.2 Let I be a real interval. A mapping v : I →  E is 
called a fuzzy process and we denoted the α-level set by 

( )[ ] ( ) ( )[ ]ααα ,,, tvtvtv = . The Seikkala derivative ( )tv′  of v 

is defined by ( )[ ] ( ) ( )



 ′′=′ ααα ,,, tvtvtv , provided that is a 

equation defines a fuzzy number ( )tv′  ∈  E. 
 
Definition 2.3 Suppose u and v are fuzzy sets in E. Then their 
Hausdroff D : E × E → R+ ∪ {0}, 

( ) [ ] ( ) ( ) ( ) ( ){ }ααααα vuvuvuD −−= ∈ ,maxsup, 1,0 , 

i.e.,D(u, v) is maximal distance between α-level sets of u and v. 

3 SECOND-ORDER FUZZY DIFFERENTIAL EQUATIONS 

In this section, we study the fuzzy initial value problem for a 
second-order linear fuzzy differential equation. 
( ) ( ) ( ) ( ) ( ) ( )
( )
( ) 








=′
=

=+′+′′

,0
,0

,

2

1

cx
cx

ttxtbtxtatx ω
   (1) 

where ( ) ( ) ( ) RttbtaRcc f ∈∈ ω,,,, 21 . In this paper, we 

suppose ( ) ( ) 0, >tbta . Our strategy of solving (1) is based on 
the selection of derivative type in the fuzzy differential equa-
tion. We first give the following definition for the solutions of 
(1). 
Definition 3.1 let [ ] fRbax →,:  be fuzzy-valued function 

and n,m = 1,2. One says x is an (n,m)-solution for problem (1). 
If  ( ) ( ) ( ) ( )txDtxD mnn

2
,

1 ,  exist  and  ( ) ( ) ( ) ( ) ( )++ txDtatxD nmn
12

,  

( ) ( ) ( ) ( ) ( ) ( ) 2
1

1 0,0, cxDcxttxtb n ===ω . 

4 SINGLE-TERM HAAR WAVELET SERIES METHOD 
The orthogonal set of Haar wavelets ( )thi  is a group of square 

waves with magnitude of 1± in some intervals and zeros 
elsewhere [12]. In general, 
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Namely, each Haar wavelet contains one and just one 
square wave, and is zero elsewhere. Just these zeros make 
Haar wavelets to be local and very useful in solving stiff sys-
tems. Any function y(t), which is square integrable in the in-

terval [0,1). Can be expanded in a Haar series with an infinite 
number of terms 
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where the Haar coefficients 

( )∫=
1

0

)(2 dtthtyc i
j

i  

are determined such that the following integral square error 
ε is minimized:  

( ) ( )
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usually, the series expansion Equation (2) contains an infinite 
number of terms for a smooth y(t). If y(t) is a piecewise con-
stant or may be approximated as a piecewise constant, then 
the sum in Eq. (2) will be terminated after m terms, that is  

( ) ( ) ( ) ( ) [ ]1,0,)(
1

0
∈=≈ ∑

−

=

tthcthcty m
T
m

m

i
ii             

( ) ( ) [ ] ,... 110
T

mm ccctc −=                                            (3) 

( ) ( ) ( ) ( ) ( )[ ] ,... 110
T

mm thththth −=  

where “T” indicates transposition, the subscript m in the 
parantheses denotes their dimensions. The integration of Haar 
wavelets can be expandable into Haar series with Haar coeffi-
cient matrix P[3].  

( ) ( ) ( ) ( ) ( ) [ ]∫ ∈≈ × 1,0, tthPdh mmmm tt  

where the m-square matrix P is called the operational matrix 

of integration and single-term ( ) 2
1

11 =×P . Let us define [12] 

( ) ( ) ( ) ( ) ( ) ( )tMthth mm
T
mm ×≈ ,                                             

      
and ( ) ( ) ( ).011 thtM =×  Equation (3) satisfies    

( ) ( ) ( ) ( ) ( ) ( ),thCctM mmmmmm ×× =  

where ( )mc  is defined in Equation (3)  and ( ) 011 cC =× .   

5 NUMERICAL EXAMPLES 
In this section, we solved the fuzzy initial value problems to 
show the efficiency and accuracy of the proposed methods. 
 
Example 5.1 Cosider the following second-order fuzzy differ-
ential equation with fuzzy initial value [2] and [16]  
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( ) ( ) ( )
( )
( ) [ ]
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1.01.1,1.09.00
00

0,
 

The exact solution is as follows: 
( ) ( ) ( ) ( ) ( )[ ]trtrrtY sin1.01.1,sin1.09.0, −+=    

 
Example 5.2 Cosider the following second-order fuzzy differ-
ential equation with fuzzy initial value [2] and [16] 
( ) ( ) ( )
( ) [ ]
( ) [ ]
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The exact solution under (1)-differentiability: 
( ) ( ) ( )[ ]rtYrtYtY ,,, 21= where 

( ) ( ) ( ) ttrtrrtY +
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TABLE 1 
ERROR CALCULATION OF EXAMPLE 5.1 FOR ( )rty ,1  

 
r 

Example 5.1 : 
( )rty ,1  

FIRKN5 
(s = 4) STHWS 

0  2.18E-10 1.01E-12 
0.1  2.20E-10 1.02E-12 
0.2  2.23E-10 1.03E-12 
0.3  2.25E-10 1.04E-12 
0.4  2.27E-10 1.05E-12 
0.5  2.30E-10 1.06E-12 
0.6  2.32E-10 1.07E-12 
0.7  2.35E-10 1.08E-12 
0.8  2.37E-10 1.09E-12 
0.9  2.40E-10 1.10E-12 
1  2.42E-10 1.11E-12 

 
TABLE 2 

ERROR CALCULATION OF EXAMPLE 5.1 FOR ( )rty ,2  

 
r 

Example 5.1 : 
( )rty ,2  

FIRKN5 
(s = 4) 

STHWS 

0  2.66E-10 1.11E-12 
0.1  2.64E-10 1.10E-12 
0.2  2.61E-10 1.09E-12 
0.3  2.59E-10 1.08E-12 
0.4  2.57E-10 1.07E-12 

0.5  2.54E-10 1.06E-12 
0.6  2.52E-10 1.05E-12 
0.7  2.49E-10 1.04E-12 
0.8  2.47E-10 1.03E-12 
0.9  2.44E-10 1.02E-12 
1  2.42E-10 1.01E-12 

 

 
Fig. 1. Solution graph for Example 5.1 

 
TABLE 3 

ERROR CALCULATION OF EXAMPLE 5.2 FOR ( )rty ,1  

 
r 

Example 5.2 : 
( )rty ,1  

FIRKN5 
(s = 4) STHWS 

0  3.13E-8 2.18E-10 
0.1  3.19E-8 2.19E-10 
0.2  3.25E-8 2.20E-10 
0.3  3.31E-8 2.21E-10 
0.4  3.37E-8 2.22E-10 
0.5  3.43E-8 2.23E-10 
0.6  3.49E-8 2.24E-10 
0.7  3.55E-8 2.25E-10 
0.8  3.61E-8 2.26E-10 
0.9  3.67E-8 2.27E-10 
1  3.73E-8 2.28E-10 

 
TABLE 4 

ERROR CALCULATION OF EXAMPLE 5.2 FOR ( )rty ,2  

 
r 

Example 5.2 : 
( )rty ,2  

FIRKN5 
(s = 4) 

STHWS 

0  4.32E-8 3.06E-10 
0.1  4.26E-8 3.05E-10 
0.2  4.20E-8 3.04E-10 
0.3  4.15E-8 3.03E-10 
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0.4  4.09E-8 3.02E-10 
0.5  4.03E-8 3.01E-10 
0.6  3.97E-8 2.99E-10 
0.7  3.91E-8 2.98E-10 
0.8  3.85E-8 2.97E-10 
0.9  3.79E-8 2.96E-10 
1  3.73E-8 2.95E-10 

 

 
Fig. 2. Solution graph for Example 5.2 

6 CONCLUSION 
In this paper we introduce a new numerical method for solv-
ing second- order linear differential equation having fuzzy 
initial conditions. The efficiency and the accuracy of the 
STHWS method have been illustraded by suitable examples. 
The solutions obtained are compared well with the exact solu-
tions and FIRKN5 [16]. It has been observed that the solutions 
by our method show good agreement with the exact solutions. 
From the numerical examples, we could conclude that the 
proposed method almost coincides with the exact solution and 
the FIRKN5 [16] method (refer Table 1 - 4 and Figure 1 - 2).  
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